A (u,k,A) difference set is a k-element subset D of a group G of order u for which the multiset {dld-l 2: dl,d2 E D, dl =t= d2} contains each nonidentity element of G exactly A times. A Hadamard difference set (HDS) has parameters of the form (u,k, A) = (4N2,2N2_N, N2·N ). The Hadamard parameters provide the richest source of known examples of difference sets. The central question is: for each integer N, which groups of order 4N2 support a HDS? This question remains open, for abelian and nonabelian groups, despite an extensive literature. We survey the current state of knowledge of the subject.
Introduction
A (v, k, -X) difference set is a k-element subset D of a group G of order v for which the multiset {d 1 Difference sets are important in design theory because they are equivalent to symmetric (v, k, -X) designs with a regular automorphism group [29] . The study of difference sets is also deeply connected with coding theory because the code, over a field F, of the symmetric design corresponding to a (v, k, -X) difference set may be considered as the right ideal generated by D in the group algebra FG [26] , [29] . Abelian difference sets arise naturally in the solution of many problems of signal design in digital communications, including synchronization [21] , radar [1] , coded aperture imaging [20] , [47] and optical image alignment [37] . A difference set with parameters of the form (v, k, -X) = (4N2, 2N 2 -N, N 2 -N) is called a Hadamard difference set (HDS) because a group subset D is a HDS if and only if the (+ 1,-1) incidence matrix of the design corresponding to D is a regular Hadamard matrix [26] . Although some authors have instead used the names Menon difference set or H -set we propose that for historical reasons and for consistency the more popular term Hadamard is preferable and should henceforth be used. for abelian and nonabelian groups, despite an extensive literature. The techniques so far used include algebraic number theory, character theory, representation theory, finite geometry and graph theory as well as elementary methods and computer search. Considerable progress has been made recently, both in terms of constructive and nonexistence results. Indeed some of the most surprising advances currently exist only in preprint form, so one intention of this survey is to clarify the status of the subject and to identify future research directions. Another intention is to show the interplay between the study of HDSs and several diverse branches of discrete mathematics. Earlier surveys of HDSs have been given by Chan and Siu [6] , Arasu [2] and Jungnickel [26] . A summary of this survey is scheduled for publication [12] .
In In particular, a necessary condition for the existence of an abelian HDS with N = 2 11 is that the group exponent is at most 2 11 +2 . A succession of constructive results, notably those of Davis [8] and Dillon [17] , culminated in Kraemer's proof [28] An approach that has proved fruitful is to combine the group theoretic viewpoint with insights gained from the engineering literature, in which abelian difference sets are studied as binary arrays (matrices with elements ±1) with constant out-of-phase periodic autocorrelation. Jedwab [25] In the array framework, Kraemer's Theorem 2.2 arises from a trivial BSQ and Xia's Theorem 2.6 can be viewed as constructing a BSQ of size p x p x P x P, where P is a prime congruent to 3 mod 4. Arasu et al. [4] Combining these results (for the first time) in Theorems 2.7 and 2.8 gives:
Theorem 2.9 There exists a HDS in
where G is any abelian 2-group satisfying Turyn's exponent bound and each Pi is a prime congruent to 3 mod 4.
To our knowledge Theorem 2.9 describes all abelian groups which have been shown to contain a HDS. Turyn's character theoretic technique [50] for proving nonexistence has been extended in several papers. McFarland [41] proved that under certain conditions the existence of a HDS in an abelian group implies the existence of a HDS in a subgroup: The proof of Theorem 3.1 relies on the presence of an abelian factor group in which to carry out the same combination of character theoretic and number theoretic arguments as for the abelian case.
Dillon [16] and Fan et al. [19] independently proved: Turning now to the existence question, the earliest result is due to Kesava Menon [46] who proved by elementary construction that the set of groups containing a HDS is closed under direct products: Dillon's method is one which occurs frequently in the construction of HDSs, namely to use the subgroup structure of the group to construct the difference set. In this example, the building blocks are the 2 a +I -1 subgroups of order 2 a (the hyperplanes). Dillon [15] conjectured that a sufficient condition for a group of order 2 2a + 2 to support a HDS is that it has a normal subgroup Z2+
•
The conjecture remains undecided although there are partial results due to Davis [9] and Meisner [44] . Davis [10] showed that Kraemer's techniques, which settled the existence question for abelian 2-groups, could be modified to construct HDSs in nonabelian groups of order 2 2a + 2 when the center contains a subgroup of order 2 a + 1 (not necessarily elementary abelian as in Theorem 3.7).
Dillon [14] proposed a research programme to settle the existence question for a HDS in all 267 groups of order 64. Constructions were found for 258 of these groups and nonexistence was proved for 8, leaving just the "modular group" of exponent 32. Contrary to most expectations, Liebler and Smith [33] succeeded in constructing a HDS in this group by introducing a representation theoretic algorithm for the efficient sieving of possible solutions to certain equations in finite group rings: In groups of order 64, for the abelian case a HDS exists if and only if the group exponent is at most 16 (by Theorem 2.2), whereas for the nonabelian case there is a group of exponent 16 which does not contain a HDS (by Theorem 3.4) and yet a group of exponent 32 which does (by Theorem 3.8)! Turyn's exponent bound for abelian 2-groups is therefore neither necessary nor sufficient in the nonabelian case. Smith [49] observed that the automorphism group for the design associated with the difference set of Theorem 3.8 is the modular group itself, and that this is a new design.
Subsequently Davis and Smith [13] found a new way to interpret the difference set of Theorem 3.8 and so were able to generalize the construction to an infinite family of HDSs in 2-groups each exceeding the abelian exponent bound: Thus a larger HDS is constructed from a smaller HDS plus a relative difference set. A similar theorem is used to construct a larger relative difference set from a smaller relative difference set and so establish the recursive construction. This leads to new nonabelian HDSs, for example in all groups of the form D3 X C 2 "+1 X C 3 , 2 " , where D 3 is the dihedral group of order 6.
By further application of this recursive construction, Meisner found many new families of nonabelian HDSs and unified several previous construction methods, including that of Turyn [52] in [42] , those of Davis [10] and Jedwab [25] in [43] , and those of Davis [9] and Dillon [17] in [44] .
Perhaps the most unexpected recent result of all is the discovery by Smith [48] , using computer search and representation theory, of a HDS in a nonabelian group of order 100:
This result is especially remarkable because of McFarland's Theorem 2. 4 showing that no abelian group of order 100 supports a HDS. This is the first demonstration that a nonabelian (v, k, >') difference set can exist even when an abelian (v, k, >') difference set cannot. Smith's theorem is also interesting because it shows that McFarland's conjecture, proved false for abelian groups by Xia's Theorem 2.6, also fails for nonabelian groups. Furthermore the difference set of Theorem 3.11 is reversible (see the following section). To our knowledge only one nonabelian group has been shown to contain a reversible HDS, as given by Smith's Theorem 3.11. This provides another example of a theorem derived for abelian groups, namely McFarland's Theorem 4.3, failing in the nonabelian case. On the other hand there are known to be infinite families of nonabelian reversible difference sets with non-Hadamard parameters [35] .
Open Problems
The authors hope this survey explains the context for some of the new directions being pursued by researchers in HDSs. We now give a personal selection of ten open problems which we hope may serve as a starting point for further exciting discoveries. [4] , [6] ; the previously unresolved values (56,56) and (44, 99) are removed by Theorem 2.12 (since 7 1 =: -1 (mod 8) and 11 3 =: -1 (mod 36»: (10, 40) , (20, 20) , (8, 72) , (16, 36) , (15, 60) , (40, 40) , (22, 88) , (32, 72) , (25,100), (52, 52) , (68,68), (78,78), (80,80), (88,88), (100,100).
There are two abelian groups in which the existence of a reversible HDS with N < 10 is undecided [36] , namely Zl x Z~and Z~x Z~. There are four values of N :5 100 for which the existence of a reversible HDS in one or more abelian groups of order 4N2 is undecided [41] , [53] , namely 25, 50, 75, and 100.
